Let X be a 4{manifold with contact boundary. We prove that the monopole invariants of X introduced by Kronheimer and Mrowka vanish under the following assumptions: (i) a connected component of the boundary of X carries a metric with positive scalar curvature and (ii) either b + 2 (X) > 0 or the boundary of X is disconnected. As an application we show that the Poincar e homology 3{sphere, oriented as the boundary of the positive E 8 plumbing, does not carry symplectically semi-llable contact structures. This proves, in particular, a conjecture of Gompf, and provides the rst example of a 3{manifold which is not symplectically semi-llable. Using work of Fr yshov, we also prove a result constraining the topology of symplectic llings of rational homology 3{spheres having positive scalar curvature metrics.
Introduction

Basic facts and questions on contact structures
Let Y be a closed 3{manifold. A coorientable eld of 2{planes T Y is a contact structure if it is the kernel of a smooth 1{form on Y such that ^d 6 = 0 at every point of Y 1 . Notice that since is oriented by the restriction of d the manifold Y is necessarily orientable. Moreover, an orientation on Y induces a coorientation on and vice-versa. When Y has a prescribed orientation, is said to be positive (negative, respectively), if the orientation on Y induced by coincides with (is the opposite of, respectively) the given one. In this paper we shall only consider oriented 3{manifolds. Therefore, from now on by the expression \3{manifold" we shall always mean \oriented 3{manifold", and all contact structures will be implicitly assumed to be positive.
By the work of Martinet and Lutz [21] we know that every closed, oriented 3{manifold Y admits a positive contact structure. Eliashberg de ned a special class of contact structures, which he called overtwisted, and proved that in any homotopy class of cooriented 2{plane elds on a 3{manifold there exists a unique positive overtwisted contact structure up to isotopy [5] . Eliashberg called tight the non-overtwisted contact structures. For tight contact structures, the questions of existence and uniqueness in a given homotopy class have a negative answer, in general. For instance, Bennequin proved that there exist homotopic, non-isomorphic contact structures on S 3 [2] , while Eliashberg showed that the set of Euler classes of tight contact structures (considered as oriented 2{plane bundles) on a given 3{manifold is nite [7] .
The only tight contact structures known at present are llable in one sense or another, ie, loosely speaking, they are a 3{dimensional phenomenon induced by a 4{dimensional one. There exist several di erent notions of llability for a contact structure, but here we shall only de ne two of them (the weakest ones). The reader interested in a comprehensive account can look at the survey [12] .
A 4{manifold with contact boundary is a pair (X; ), where X is a connected, oriented smooth 4{manifold with boundary and is a contact structure on @X (positive with respect to the boundary orientation). A compatible symplectic form on (X; ) is a symplectic form ! on X such that !j > 0 at every point of [6, 19] ).
One of the aims of this paper is to address a fundamental question about the llability of contact 3{manifolds (cf [7] , question 8. 
Statement of results
Some progress in the understanding of contact structures has recently come from studying the spaces of solutions to the Seiberg{Witten equations. One of the outcomes of [20] was a proof of the existence, for every natural number n, of homology 3{spheres carrying more than n homotopic, non-isomorphic tight contact structures. Generalizing to a non-compact setting the results of [25, 26] , Kronheimer and Mrowka [17] introduced monopole invariants for smooth 4{ manifolds with contact boundary, and used them to strengthen the results of [20] as well as to prove new results, as for example that on every oriented 3{manifold there is only a nite number of homotopy classes of symplectically semi-llable contact structures. In this paper we apply [17] to establish the following: Proof Since Y is the quotient of S 3 by a nite group of isometries acting freely, it has a metric with positive scalar curvature. Hence, by theorem 1.4 if Y is symplectically semi-llable then it is symplectically llable. Moreover, observe that Y cannot be the oriented boundary of a smooth oriented and negative de nite 4{manifold. In fact, if @X = Y then X [ (−E 8 ) is a closed, smooth oriented 4{manifold with a de nite and non-standard intersection form. The existence of such a 4{manifold is forbidden by the well-known theorem of Donaldson [3, 4] . In view of theorem 1.4, this proves the rst part of the statement. The second part follows from a general result of Eliashberg: if M #N is symplectically semi-llable, then both M and N are (see [6] , theorem 8.1). Theorem 1.4 can be used, in conjunction with [13] , to address question 1.3. Let (X; ) be a 4{manifold with contact boundary equipped with a compatible Proof By a result of Fr yshov ( [13] , theorem 1) there exists a rational number γ(Y ) 2 Q depending only on Y such that if X is a negative 4{manifold bounding Y , then for every characteristic element 2 H 2 (X; @X; Z)= Tor (ie such that x x x mod 2 for every x 2 H 2 (X; Z)= Tor), the following inequality holds:
Thus, if X is a symplectic lling of Y , by theorem 1.4 b + 2 (X) = 0 and therefore equation (1.1) holds. Clearly (1.1) is also true with e J X in place of J X . Hence, if e J X is even, choosing = 0 we see that the rank of e J X is bounded above by a constant depending only on Y . On the other hand, the absolute value of its determinant is bounded above by the order of H 1 (Y ; Z). It follows (see eg [22] ) that the isomorphism class of e J X must belong to a nite set determined by Y .
Remark 1.7
The conclusion of corollary 1.6 can be strengthened in particular cases. For example, if Y is an integral homology sphere, then the intersection lattice J X of any symplectic lling of Y is unimodular. It follows from [9, 10] that if γ(Y ) 8 then, regardless of whether e J X is even or odd, there are exactly 14 (explicitly known) possibilities for the isomorphism class of e J X (due to recent work of Mark Gaulter this is still true as long as γ(Y ) 24 [11] ). In particular, if Y is the Poincar e 3{sphere oriented as the boundary of the negative plumbing −E 8 , then γ(Y ) = 8 [13] . Up to isomorphism the only even, negative and unimodular lattices of rank at most eight are 0 and −E 8 . Therefore, 0 and −E 8 are the only possibilities for e J X in this case. Moreover, notice that if Y bounds a smooth 4{manifold with b 2 = 0, the same is true for −Y . On the other hand, the argument given to prove corollary 1.5 shows that −Y cannot bound negative semi-de nite manifolds. Therefore, if X is an even symplectic lling of Y , J X is necessarily isomorphic to the negative lattice −E 8 . The plan of the paper is the following. In section 2 we initially x our notation recalling the results of [17] . Then we state and prove, for later reference, an immediate consequence of those results, observing how it implies a theorem of Eliashberg. In section 3 we prove our main result, theorem 3.2, and its corollary theorem 1.4. The line of the argument to prove theorem 3.2 is well-known to the experts. It is the analogue, in the context of 4{manifolds with contact boundary, of a standard argument proving the vanishing of the Seiberg{Witten invariants of a closed smooth 4{manifold which splits as a union X 1 S Y X 2 , with Y carrying a positive scalar curvature metric and b [18] , remark 6). The crucial points of such an argument depend on the technical results of [23] .
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Preliminaries
We start describing the set-up of [17] (the reader is referred to the original paper for details , l 4 be, respectively, the standard Sobolev spaces of imaginary 1{forms and sections of W + , and let C be the space of pairs (A; )
. Given a Spin connection A, letÂ be the induced U (1) connection on det(W + ). Let M (s) be the quotient, under the action of G , of the set of pairs (A; ) 2 C which satisfy the {perturbed Seiberg{Witten (or monopole) equations
where f ⊗ g denotes the traceless part of the endomorphism ⊗ . Kronheimer and Mrowka [17] If (X; ) is equipped with a compatible symplectic form ! , then a theorem from [17] says that there are natural choices of an element s ! 2 Spin c (X; ) and of an orientation of M (s ! ) so that SW (X; ) (s ! ) = 1.
The following proposition is implicitly contained in [13] and [17] . Here we give an explicit statement and proof for the sake of clarity and later reference. Proof The contact structure induces a Spin c structure t on Y (see [17] ). Let W be the associated spinor bundle on Y . Given a closed 2{form on Y , denote by N (Y; t) the set of gauge equivalence classes of solutions to the 3{dimensional monopole equations on Y corresponding to the Spin c structure t and perturbation . As observed in [17] , proposition 5.3, it follows from the Weitzenböck formulae and [13] It is interesting to observe that proposition 2.1 has the following corollary, which was rst proved by Eliashberg using the technique of lling by holomorphic disks [5] .
Corollary 2.2 S 2 D 2 has no tame almost complex structure with J {convex boundary.
Proof A standard product metric on S 2 S 1 has positive scalar curvature. Moreover, an almost complex structure on S 2 D 2 has J {convex boundary if, by de nition, the distribution of complex tangents to S 2 S 1 is a positive contact structure. If J is tame, then there is a compatible symplectic form ! on the 4{manifold with contact boundary (S 2 D 2 ; ). Hence SW (S 2 D 2 ; ) (s ! ) 6 = 0. But the restriction map H 2 (S 2 D 2 ; R) ! H 2 (S 2 S 1 ; R) is non-zero, contradicting proposition 2.1.
Proofs of the main results
In this section we prove the main results of the paper, namely theorem 3.2 and its immediate corollary, theorem 1.4. Let (X; ) be a 4{manifold with contact boundary. We shall start with a preliminary discussion under the assumption that the boundary of X is connected and admits a metric with positive scalar curvature. During the proof of theorem 3.2 we will say how to modify the arguments when the boundary of X is possibly disconnected and at least one of its connected components admits a metric with positive scalar curvature.
We begin along the lines of [17] , proposition 5. X in and b X out respectively be compactly supported perturbing terms. Let R i be a sequence going to in nity, and let i = R i be a corresponding sequence of perturbing terms as above converging to in and out . Since the moduli spaces M i (s) are non-empty for all i, up to passing to a subsequence we may assume that there are solutions converging on compact subsets to con gurations (A in ; in ) and (A out ; out ) on b X in and b X out . The con gurations (A in ; in ) and (A out ; out ) satisfy the monopole equations for Spin c structures s in and s out , say, with perturbing terms in and out , and have nite variation of the CSD functional on the cylindrical ends. Denote the moduli spaces of solutions with bounded variation of the CSD functional along the end by, respectively, M in ( b X in ) and
The results of [23] imply that (A in ; in ), restricted to the slices ftg Y converges, as t ! +1, towards an element of the moduli space N X (Y ) of solutions of the unperturbed 3{dimensional monopole equations on Y modulo the gauge transformations which extend over X . In other words, there is a map
Now recall that, since SW(X; )(s) 6 = 0, by the de nition of the invariants d(s) = 0, and the canonical spinor 0 can be extended over X to a nowherevanishing section of the bundle W + . This is equivalent to saying that s is the Spin c structure associated to an almost complex structure J X on X (see [17] , lemma 2.1). Let Z be a smooth, oriented Riemannian 4{manifold with boundary Y and such that J X extends to an almost complex structure J M on the closed oriented 4{manifold M = X [ Y Z (the reason why such a Z exists is explained in eg [15] , lemma 4.4; one can always nd a Z such that the obstruction to extending J X over Z is concentrated at a nite number of points, and then, in order to kill the obstruction, one can modify Z by connect summing at those points with a suitable number of copies of S 2 S 2 ). Z (observe that s Z is isomorphic to s out on the cylindrical end). Also, choose a perturbing term 0 on b Z which coincides with out on the cylindrical end. As before, there is a moduli space 
where h 0 ( 1 ) = 1 is the dimension of the stabilizer of the con guration (A; 0), and h 1 ( 1 ) = b 1 (Y ) is the dimension of the rst cohomology group of the deformation complex at (A; 0). Y ( 1 ) is the {invariant of the relevant boundary operator on Y de ning the deformation complex (since we are going to use only well known properties of this operator, we don't need to be more speci c, see [24] for more details). Note that the rational number c 1 (W + X ) 2 is well de ned because by proposition 2.1 c
Again, h 0 ( 2 ) = 1 and h 1 ( 2 ) = b 1 (Y ). Recall that Y changes sign when the orientation of Y is reversed. Moreover, since h 0 ( ) and h 1 ( ) are constant in 2 N (Y ) there is no spectral flow, and therefore Y ( ) is constant too. Hence, 
) is non-empty, then its expected dimension is non-negative (observe that, since the perturbing term is decaying to zero along the cylindrical end, we need b + 2 (X) > 0 to rule out reducible solutions). Thus, choosing in in such a Baire set, the existence of (A in ; in ) implies d 1 0. If we denote by d 2 the expected dimension of M out ( b X out ; ; 2 ) (with the obvious meaning of the symbols), the same argument gives d 2 0 (no assumption on b + 2 is needed now, because the elements of M out ( b X out ; ; 2 ) are asymptotically irreducible on the \conical" end). As explained in [17] , subsection 5.4, one can associate to 2 a homotopy class of 2{plane elds I( 2 ) on Y . As in the proof of proposition 5.6 in [17] , the expected dimension of M out ( b X out ; ; 2 ) is given by a di erence element (I( 2 ); ) (see [17] , subsection 5.1, for the de nition of ; in the case at hand this number is an integer because, by proposition 2.1, the restriction of c 1 (W + ) to Y is a torsion element). Moreover, (I( 2 ); ) is also equal to the expected dimension of M 0 ( b Z; 2 ). This contradicts lemma 3.1. Hence, we have established the conclusion of the theorem under the rst assumption.
When the boundary of X is disconnected the above argument can be easily modi ed so that the requirement on b + 2 (X) becomes redundant. In fact, one can repeat the same construction involving only the end corresponding to the boundary component having positive scalar curvature. b X in will have one cylindrical end as well as some conical ends E i , i = 1; : : : ; k, while b X out will be the same as before. The conical ends can be chopped o and replaced by suitable compact manifolds with boundary Z i (as we did before with b X out ) without changing the expected dimension of the corresponding moduli spaces. and M out ( b X out ; ; 2 ) are asymptotically irreducible on the conical ends. This gives a contradiction as in the previous case, and concludes the proof of the theorem.
Proof of theorem 1.4 Let ! be the compatible symplectic form. We know (see section 2) that there is a distinguished element s ! 2 Spin c (X; ) such that SW (X; ) (s ! ) 6 = 0. The conclusion follows immediately from theorem 3.2.
